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Aharonov-Casher [1] 2 Euclid Pauli
zero-mode ( $0$ )
1 Euclid Aharonov-Casher
$Cycon-Froese$-Kirsch-Simon [2] 6.4 Euclid $\mathbb{R}^{2}$
Aharonov-Casher Pauli
$\sigma_{1}=(\begin{array}{ll}0 l1 0\end{array})$ , $\sigma_{2}=(\begin{array}{l}0-i0i\end{array})$
$\mathbb{R}^{2}$
$(x_{1}, x_{2})$ $(a_{1}, a_{2})$
$b=\partial_{x_{1}}a_{2}-\partial_{x2}a_{1}$
$k=1,2$
$D_{k}= \frac{1}{i}\partial_{x_{k}}$ , $\Pi_{k}=D_{k}-a_{k}$
Dirac $Q$ $A,$ $A\dagger$
$Q=\sigma_{1}\Pi_{1}+\sigma_{2}\Pi_{2}=(\begin{array}{llll} 0 \prod_{1} -i\prod_{2}\prod_{l} +i\prod_{2} 0\end{array})=(\begin{array}{ll}0 A\dagger A 0\end{array})$
Pauli $P$ $P_{+},$ $P_{-}$





$P_{-}=AA^{\uparrow}$ $0$ ( [3] ).
zero-mode
$IndP=$ dim Ker $P_{+}-$ dim Ker $P_{-}$
1763 2011 53-65 53
(super symmetric index) Atiyah-Singer
Aharonov-Casher [1]
1.1 (Aharonov-Casher ‘79) $b\in C_{0}^{1}(\mathbb{R}^{2})$ ( $C^{1}$ )
$\alpha=\frac{1}{2\pi}\int_{R^{2}}b(x)dx$
$n_{\pm}=$ dim Ker $P\pm$
(i) $\alpha\geq 0$ $n_{+}=\{\alpha\},$ $n_{-}=0$ .






$z=x_{1}+ix_{2}$ $\mathbb{R}^{2}$ $\mathbb{C}$ $\partial_{\overline{z}}=(\partial_{x_{1}}+i\partial_{x2})/2$,



















(4) $u$ $L^{2}(\mathbb{R}^{2})$ $f$ $\alpha>1$
$\{\alpha\}-1$ $\alpha\leq 1$ $f$ $0$
$n_{+}$ $n_{-}$
1.1 Miller [14], Erd\"os-Vugalter [7]
1.1 $\alpha=\pm\infty$
zero-mode $\infty$
2, Dubrovin-Novikov [4, 5],
[19], Geyler-Grishanov [9], Geyler-Stovicek [10], Rozenblum-
Shirokov [18]
[7].








(Poincar\’e ) $\mathbb{H}$ , (Poincar\’e ) $ds^{2}$
$\mathbb{H}=\{z=X_{1}+ix_{2}|x_{1}\in \mathbb{R}, x_{2}>0\}$ , $ds^{2}= \frac{(dx_{1})^{2}+(dx_{2})^{2}}{x_{2}^{2}}$ .







5 $\delta$ $2\pi$ 2 $P+, \max$ ( $P_{-,\max}$ )
$\delta$ $\delta$
11 38












( - [12] ).






$P=Q^{2}=(\begin{array}{ll}A\dagger A 00 AA\dagger\end{array})=(\begin{array}{ll}P_{+} 00 P_{-}\end{array})$
7.
$P$ $P\pm$ $\mathbb{H}$ $S$ chr\"odinger
$B$ $da=B\omega$





$0$ $(B\leq 1/2)$ .







Geyler-Stovicek [11] Poincare’ $D$
$SU(1,1)= \{(\frac{a}{b}\frac{b}{a}I|a,$ $b\in \mathbb{C},$ $|a|^{2}-|b|^{2}=1\}$
$G$ $G\backslash D$ ( $G$
) $G$









$a=( \frac{B}{x_{2}}+\alpha{\rm Im}\phi(z))dx_{1}+\alpha{\rm Re}\phi(z)dx_{2}$
3.1 $\mathbb{H}$ $\Gamma$ $a$ $a_{1},$ $a_{2}$ $L_{1oc}^{1}(\mathbb{H})\cap C^{\infty}(\mathbb{H}\backslash \Gamma)$
$B_{j}$ $0<\alpha<1$ $\alpha$ $\mathbb{H}$
$da=B \omega+2\pi\alpha\sum_{\gamma\in\Gamma}\delta_{\gamma}$
8. $\delta_{\gamma}$ $\gamma$ $\delta$
$\mathbb{H}$ $\Gamma$ $\delta$
Pauli $P_{\pm,\max}$ $\iota$ , $p \pm,\max$
$p_{+,\max}[u]=\Vert$ $Au$ $\Vert^{2}$ , $Q(p_{+,\max})=\{u\in L^{2}(\mathbb{H};\omega)| Au \in L^{2}(\mathbb{H};\omega)\}$ ,
$p_{-,\max}[u]=\Vert A\dagger tZ\Vert^{2}$ , $Q(p_{-,\max})=\{u\in L^{2}(\mathbb{H};\omega)|A^{\dagger}u\in L^{2}(\mathbb{H};\omega)\}$ .
8 $\varphi\in C_{0}^{\infty}(\mathbb{H})$ $- \int_{k\#}d\varphi\wedge a=B\int_{H}\varphi\omega+2\pi\alpha\sum_{\gamma\in\Gamma}\varphi(\gamma)$ .
$a$ 31
57
$Q(p)$ $p$ Au, $A\dagger_{u}$
$D’(\mathbb{H}\backslash \Gamma)$
$\Gamma$
[20], [21], Ford [8]
32 $G$ $SL_{2}(\mathbb{R})$ $G\backslash \mathbb{H}$
( 1 $chs$ ). $x\in \mathbb{R}\cup\{\infty\}$
$G_{x}=\{g\in G|gx=x\}$
$G$ $\mathbb{H}$
$\mathbb{H}^{*}$ $\Gamma$ $\mathbb{H}$ $\mathbb{H}^{*}$
9 $G$
$G\backslash \mathbb{H}^{*}$ Riemann $G\backslash \mathbb{H}$
$G\backslash \mathbb{H}=G\backslash \mathbb{H}^{*}$
$G$
3.3 $G$ Fuchs $k$ $\mathbb{H}$ $\Psi$
$k$





(ii) $\infty$ (i) $\Psi$ $\infty$
$\{x_{2}>1/\epsilon\}$ $q$-
$\Psi(z)=\sum_{n=-\infty}^{\infty}a_{n}q^{n})$ $q=e^{2\pi iaz}$ . (5)
$a$ $G_{\infty}$ $a_{n}$
$n<0$ $0$ $\infty$ $\Psi$ $\iota$ $a_{0}=0$









35 $G$ $\triangle$ $\mathbb{H}$





36 $G$ 1 Fuchs $\mathbb{H}$ $D$ $\ovalbox{\tt\small REJECT} D$
$G$
(i) $D$
(ii) $\bigcup_{g\in G}gD=\mathbb{H}$ .






$\iota$ $SL_{2}(\mathbb{R})$ $PSL_{2}(\mathbb{R})=SL_{2}(\mathbb{R})/\{\pm 1\}$
$e_{z}=\#\iota(G_{z})$
11. $e_{z}>1$ $z\in \mathbb{H}$ $G$
3.7 $G,$ $\Gamma$ 3.2 $D$ $G$ $\Gamma$
$G$ - -. $\cdot\cdot\cdot$ , . $K$ . $D$ $\Gamma$ $N$
$N= \sum_{k=1}^{K}\frac{1}{e_{\gamma_{k}}}$
10 Riemann $G\backslash \mathbb{H}^{*}$ $0$ 32 $\Gamma$ 34
$\Psi$ 35 $\triangle$ $(a, b, c)$
$\pi/a,$ $\pi/b,$ $\pi/c$ $(a,$ $b,$ $c$ $\infty$ $a^{-1}+b^{-1}+c^{-1}<1)$
2
$SL_{2}(Z)$ $($ 2, 3, $\infty)$





3.8 $G,$ $\Gamma$ 3.2, 3.4 $G$
3. 1 Pauli $P \pm,\max$ $n_{\pm}=$
dim Ker $P_{\pm,mm}$ $D$ $G$ $|D|$ $\omega$ $\int_{D}\omega$
$n_{+}=\{\begin{array}{ll}\infty (B+\frac{2\pi\alpha N}{|\mathcal{D}|}>1/2),0 (B+\frac{2\pi\alpha N}{|D|}\leq 1/2),\end{array}$




$P_{\pm,\max}$ $B,$ $\alpha$ $P_{\pm,\max}(B, \alpha)$
$CP_{-,mR}(B, \alpha)C=P_{+,mu}(-B+1, -\alpha)\simeq P_{+,\max}(-B+1,1-\alpha)$ .
$C$ $\simeq$
39 $G_{f}\Gamma$ 3.2, 3.4 $G$ 35
38
(i) 3.8 $n_{+}$ $B+2\pi\alpha N/|\mathcal{D}|\neq 1/2$
$n_{-}$ $B-2\pi(1-\alpha)N/|D|\neq 1/2$
38
(ii) $B\geq 0$ $B+2\pi\alpha N/|D|=1/2$ $n_{+}=0$ .
(iii) $B\leq 1$ $B-2\pi(1-\alpha)N/|D|=1/2$ $n_{-}=0$ .
(ii) $B\geq 0$ , (iii) $B\leq 1$
60
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$\Phi(z)$ $x_{2}\downarrow 0$ 33
${\rm Im} gz={\rm Im} z/|cz+d|^{2}$ $g\in G$ $z\in \mathbb{H}$
$|\Psi(gz)|({\rm Im} gz)^{k/2}=|\Psi(z)|({\rm Im} z)^{k/2}$
$m$ ( $m$ 34 ),
$|\Phi(gz)|({\rm Im} gz)^{k/(2m)}=|\Phi(z)|({\rm Im} z)^{k/(2m)}$ (6)









( ). $2B+(4\pi\alpha N)/|D|>$
$1$ $n$ $f(z)=(z+i)^{-n}$ $u\in L^{2}(\mathbb{H};\omega)$
$2B+(4\pi\alpha N)/|D|\leq 1$ $u\in L^{2}(\mathbb{H};\omega)$ $f$ $0$
13. $\psi^{-2\alpha}$ $\Gamma$
$\psi^{-2\alpha}$ $L_{1oc}^{1}$
$G$ $G$ $SL_{2}(Z)$ ,
$\Gamma=Gi$ 34 $\Psi$ 6 Eisenstein
$G_{6}(z)= \sum_{(m,n)\in Z^{2}\backslash \{(0,0)\}}\frac{1}{(mz+n)^{6}}$
$12F(z)\sim G(z)$ $|F(z)|/|G(z)|$




$D=\{z||{\rm Re} z|\leq 1/2, |z|\geq 1\}$
$\lim_{{\rm Im} zarrow\infty}G_{6}(z)=2\zeta(6)\neq 0$
( $\zeta$ Riemann $\zeta$ ) (6) $\psi$
$\psi(z)\sim x_{2^{3}}$ , $x_{2}arrow\infty$







$\triangle$ ((5) ). $\Delta$ ’
$|\triangle(z)|x_{2^{k’/2}}$ $G$-









Cayley $\sigma$ $D$ $f$
$|\tilde{u}|^{2}=(1-|w|^{2})\tilde{\psi}^{-2\alpha}|f(w)|^{2}$ , $\tilde{\psi}(w)=\psi(\sigma w)$ (7)
$|\tilde{u}|^{2}\in L^{1}(D;\tilde{\omega})\Rightarrow\tilde{u}=0$ . (8)
14
$G_{6}$ $SL_{2}(Z)i$ 1 Koblitz [13] 39
62










$|\tilde{u}|^{2}\in L^{1}(D;\omega)$ $n$ $a_{n}=0$






$\leq$ $C \int_{r_{0}}^{1}rdr\int_{0}^{2\pi}d\theta(1-r^{2})^{-1}\tilde{\psi}(re^{i\theta})^{-2\alpha}|f(re^{i\theta})|^{2}$ (10)
(10) $|\tilde{u}|^{2}\in L^{1}(D;\tilde{\omega})$ $(\tilde{\omega}=4r(1-r^{2})^{-2}dr\wedge d\theta$
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